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Abstract 

We investigate the Eden-Staudacher equation for the anomalous dimension of the twist-2 
operators at the large spin s in the N = 4 super-symmetric gauge theory. This equation 
is reduced to a set of linear algebraic equations with the kernel calculated analytically. 
We prove that in perturbation theory the anomalous dimension is a sum of products of 
the Euler functions having the property of the maximal transcendentality with the 
coefficients being integer numbers. The radius of convergency of the perturbation theory 
is found. It is shown, that at g = oo the kernel has an essential singularity. The analytic 
properties of the solution of the Eden-Staudacher equation are investigated. In particular 
for the case of the strong coupling constant the solution has an essential singularity on 
the second sheet of the variable j appearing in its Laplace transformation. Similar results 
are derived also for the Beisert-Eden-Staudacher equation which includes the contribution 
from the phase related to the crossing symmetry of the underlying S'-matrix. We show, 
that its singular solution at large coupling constants reproduces the anomalous dimension 
predicted from the string side of the AdS/CFT correspondence. 
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1 Introduction 



The anomalous dimension matrices 7 and 7 of the twist-2 Wilson operators in Quantum 
Chromodynamics (QCD) govern the Bjorken scaling violation for structure functions re- 
spectively for the non-polarized and polarized cases. These quantities calculated in terms 
of the perturbative expansion in a s = a s /(47r) are related with the Mellin transformation 

labij) = [ dx X 3 ~ l W b ^ a (x) 

Jo 

lab{j) = I dx X 3 ~ l W b ^ a {x) 
JO 

to the splitting kernels W b ^ a (x) and W b ^ a {x) for the Dokshitzer-Gribov-Lipatov-Altarelli- 
Parisi (DGLAP) equation pQ describing the evolution of the parton densities f a (x,Q 2 ) 
and f a (x, Q 2 ) (hereafter a = A, g, <ft f° r the spinor, vector and scalar particles) 

1 Ay 

-^-Y, w ^a(x/y)f b (y,Q 2 ), 

y b 

1 ^Y,^-,a(x/y)fb(y,Q 2 ). (2) 

y V 

The scalar particles appear in the supersymmetric models but in the spin-dependent case 
their contribution is absent a = A, g. The anomalous dimensions and splitting kernels 
in QCD are known up to the next-to-next-to-leading order (NNLO) of the perturbation 
theory [2j[3]. 

The QCD expressions for anomalous dimensions can be transformed to the case of the 
AA-extended Supersymmetric Yang-Mills Models (SYM) if one will use for the Casimir 
operators Ca,Cf,Tj the following values Ca = Cf = N c , T/n/ = MN c /2. For N=2 
and AA=4 the anomalous dimensions of the Wilson operators get also additional contribu- 
tions coming from diagrams with scalar particles [4j. These anomalous dimensions were 
calculated in the next-to-leading order (NLO) [5j for M = 4 SYM. 

It turns out, that the expressions for eigenvalues of the anomalous dimension matrix 
in M = 4 SYM can be derived directly from the QCD anomalous dimensions without 
tedious calculations by using a number of plausible arguments. The method elaborated 
in Ref. [1] for this purpose (called the maximal transcendentality principle) is based on 
special properties of the integral kernel for the Balitsky-Fadin-Kuraev-Lipatov (BFKL) 
equation [6]- [8] and on an interesting relation between the BFKL and DGLAP equations 
in this model (see [1]). Really it was assumed, that the coefficients of the perturbation 
theory for the BFKL kernel and for the universal anomalous dimension should be linear 
combinations of the most complicated special functions which could appear in each given 
order. The results [4] for the anomalous dimension obtained with the use of the max- 
imal transcedentality hypothesis were checked by direct calculations in Ref. [5j. Using 
the three-loop expressions for anomalous dimensions in QCD [3] and this hypothesis the 
eigenvalues of the anomalous dimension matrix for the M = 4 SYM in the NNLO ap- 
proximation were derived [9]. The direct verification of the obtained result for the case 



= ttS'W)". + yS(j)" 2 , + yTu>4 + 0(4) (i) 
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of the Konishi operator was done in Ref. |10j . Also the independent calculation of the 
anomalous dimension for the twist- 2 operator at the large spin s gives the same correc- 
tion in three loops [TT]. Recently the four- loop contribution at s — > oo was computed 
and the KLV procedure [5] was used for the resummation of the perturbation theory [12]. 
The perturbative results are important for the verification of the AdS/CFT correspon- 
dence [13] and for checking the integrability of this model. Historically the integrability 
of the Yang-Mills theory at large energies appeared in the context of the solution of the 
Bartels-Kwiecinski-Prascalowich equation [T3] in the multi-colour limit [15]. The effective 
hamiltonian of this equation coincides with the local hamiltonian of the Heisenberg spin 
model [16] . Later it was shown, that the equations for the anomalous dimensions of the 
so-called quasi-partonic operators [17] in the leading logarithmic approximation are also 
integrable and related to another Heisenberg spin model, but only in N = 4 multi-colour 
SUSY [18]. Partly these remarkable properties remain also in QCD for a restricted class 
of quasi-partonic operators [H]. After the discovery of the AdS/CFT correspondence the 
integrability of the N = 4 SYM was established in many loops in the weak and strong 
coupling regimes (see, for example, Ref. [20] and references therein). Several months ago 
in an interesting paper Eden and Staudacher (ES) derived an integral equation for the 
function which governs the behavior of the anomalous dimension for the twist-2 operators 
at large spins s in all orders of the perturbation theory [21] (see also [22]). Its modi- 
fication, which takes into account in the S'-matrix an additional phase factor restoring 
the correspondence between the conformal field theory and the superstring model, was 
suggested recently by Beisert, Eden and Staudacher (BES) [23] . Our paper is devoted to 
an analytic solution of the ES and BES equations. Partly our results were presented by 
one of authors (L.L.) on the Potsdam Workshop [24] . The numerical solutions of the BES 
equation for all coupling constants were discussed recently in the papers of Bern with 
collaborators [12] and by Klebanov et al. [25] in the framework of the equivalent set of 
linear algebraic equations discussed by one of us in the Potsdam talk [24] . 

Our paper is organized as follows. In Section 2 the ES equation is simplified with the 
use of the inverse Laplace representation. Section 3 contains the derivation of a set of 
linear algebraic equations for the coefficients a n>e appearing in the expansion of its solution 
in terms of some special functions. The kernel for these equations is calculated in an 
explicit form and its analytic properties in the coupling constant plane are investigated. 
In Section 4 we study the anomalous dimension in the perturbation theory, verify its 
maximal transcedentality property and prove the Eden-Staudacher hypothesis [21] about 
the integer coefficients in the sum of products of the corresponding (^-functions. Section 
5 is devoted to the investigation of analytical properties of the solution <j)(j) of the ES 
equation in the Laplace variable j for arbitrary complex constants. The obtained results 
give us a possibility to find the functional relations for <f>(j) equivalent to the ES equation 
and to calculate the asymptotic behavior of the coefficients a n>e . In Section 6 we study 
analytic properties of the solution of the ES equation at large coupling constants. In 
particular its behavior near an essential singularity on the second sheet of the j-plane is 
investigated. Using some plausible arguments we calculate from this result the anomalous 
dimension at large coupling constants. It oscillates around the value predicted from the 
string theory. Sections 7 and 8 contain a similar analysis for the Beisert-Eden-Staudacher 
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equation. It turns out, that in this case the behavior of the singular anomalous dimension 
at large coupling constants is stabilized and coincides with the result predicted from the 
string side of the AdS/CFT correspondence. In Conclusion we discuss obtained results 
and unsolved problems. 

In Appendix A the duality relation for the dressing phase factor, proposed in [23] and 
entering in the BES equation, is proved. Appendix B contains an independent derivation 
of the linear sets of equations, obtained in Sections 3 and 7. In Appendices C and D their 
simplified derivation is done for an important case of large couplings. 



2 ES equation in the inverse Laplace representa- 
tion 

One can write the anomalous dimension A — s of the twist-2 operators in the N = 4 
super-symmetric gauge theory at the large Lorentz spin s — > oo in the form 

A — s = 7 In s , (3) 

where the coefficient 7 in the t'Hooft limit depends only of the coupling constant g. Eden 
and Staudacher obtained for it the expression [21] 



7 = 8g 2 a(0) =4< 7 v / 2/(0) (4) 

in terms of the function 

a(t)=ef(x), t = ex, e = — ^ . (5) 

9 V2 



This function satisfies the ES equation [21] 

e ^ = - r dx> r ( x > ^ 



with the integral kernel 



K(x,y)= Ux)Mv)-Ji(v)Mx) (?) 
x-y 

where J n (x) are the Bessel functions 

00 (— / \2k+n 

^gWT^U) .*(*> = -«*>■ W 

Using the recurrent relation 

J n -i(x) = -J n +i(x) + 2nx _1 J n (x) , (9) 
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we can write the kernel in a simpler way 



2 00 

K(x, y) = —J2n J n {x) J n {y) ■ (10) 

Xy n=l 

Let us present the solution in the form of the Laplace integral 

^ X3 m, (ii) 

where cj>(J) is the function analytic in the right semi-plane of the j-plane and decreasing 
at j — ► 00 as follows 

lim <P(j) = . (12) 

J^OO J 

The residue c(e) is related directly to the anomalous dimension 

1=\<e), (13) 

Using the Laplace transformation 

rco 

cf>(j) = / dxe~ x 'f{x) (14) 
Jo 

and the following relations 

r xj _ ((j 2 + l) 1/2 -j) W _ ((j 2 + l) 1/2 +jf" 

Jo dxeX1J n(x)- (i 2 + 1) l/2 " (j2 + 1)1/2 > ( 15 ) 

/°° ^ *-*> Ux) = \ ((f + D 1/2 - ^ = \ (if + D 1/2 + j)~ n , (16) 



f 
Jo 



dxe -*J (e - _ i) f{x) = w - e) - 4>{j) , (17) 
we can write the ES equation for 4>(j) in the form 

Hj - 6) - Hj) = 1 _ 2 riv ^ f -(j ,2 + i) 1/2 +j , y 

(i 2 + 1) -l/2 - (j 2 + 1)1/2 +j i. )0o 2l»^/ UJ \ (j 2 + 1)1/2 +j J ■ ^ 

Here the integration contour in j' is assumed to be to the left from the cut of the function 
-Vf 2 + 1+j' at -i < j' < i and to the right from the singularities of the function (f>(f). 
The branch of \/J' 2 + 1 is chosen in such way to make the expression — \/j' 2 + 1 + j' 
decreasing at large f. 
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3 Set of linear algebraic equations 

We search the solution of the ES equation in the form [24] 



</>(j) = E ^n,e(j) (<W ~ a n,e) , (19) 



71=1 

where S n i is the Kroneker symbol and 

M) = E 7T=t ==n ■ (20) 

The anomalous dimension can be expressed in terms of a\ )t as follows 

7 = 4 U-M (21) 

The coefficients in the linear combination of the functions <j> n ,e(j) satisfy the set of equa- 
tions [21] 

oo 

a n,e= J! K n,n'{e) {5 n ' ,1 ~ a n ',e) , (22) 
n'=l 

where 

iT-AwM) (-(i' 2 + l) 1/2 +/) • (23) 

-joo 2 7TZ V / 

The matrix elements K nn i(e) can be expressed in terms of the generalized hypergeometric 
function [24j . To show it, we begin with the following representation for o ni£ 



a 



2 r*^L^ ) (_ tf . +1) v» +/ .)- = _ 2 f ; m*)«, <*) 

Ja-ioo 2 7Ti V 7 ^ (fc - 1)! 



where > a > — e and (j)^ n 1 ^(0) is the value of the (n — l)-derivative of the function <f>(j) 
at j = 0. The coefficients b n (k) are defined in terms of the large- j expansion 

oo 

(-(i 2 + i) 1/2 +i) n = EWr fe - (25) 

k=n 

These coefficients can be written as follows 

«*>-/ t !s (-o 2 + 1 ) 1/2+ i)"^ I = (- 1 )"/ 1 ^ 2l(1+,2,il F^- < 26 > 

where the integration contour L goes along a circle around the singularities of the integrand 
in a anti-clock-wise direction and we introduced the new integration variable 

/ = (j 2 + l) 1/2 -J. 
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The integral over / can be calculated by residues 



bn{k) = (_l)(*+n)/2 2 -k (2?) 



where 

k — n 



2 

is an integer number (for half- integer values of r one obtains b n (k) = 0). 
We can write a n e as follows 



(28) 



On^^B^r)^**-^), (29) 



r=0 

where 



^" (rj " 2 (2r + n-l)! " ( lj 2 r!(r + n)!' ( j 



Therefore one obtains 

(-(/ + D 1 ' 2 + J)* = - 1 (2r+ r 1)! • < 3i > 

To calculate the kernel i^ nj „' appearing in the set of equations for a n>e let us use the 
expansion 

(g + 1)V2 ~ J ') W - _± + 1)1/2 _ A» _ _ ^ (2r + n)l 

(j2 + 1)1/2 " n ^ v^ 3) ~ { i; 2nj2r+n+l 

(32) 

It gives a possibility to express (p n ,e(j) in terms of simpler functions 



OO /<-) ■ \i oo 

<Mj) = E L ^P Z1 ^n(r) X2r + n + lAj) , Xfc,^') = E^' + £ ^ ■ ( 33 ) 

r=0 s=l 

In particular, 

c+ „- 1)(0) _ ( _ ir+ „. £ ^ M (^+n + v+^ ((2r + b + 2/ + rf) (M) 

r'=0 

where the Euler £-function is defined as follows 

oo 

C(k) = Y s ~ k - (35) 

s=l 

Using above relations we can present the kernel K n n i as follows 

#n,ra' (e) 

6 



(-!)»**' £ B n (r) £ ^(O ^^^L^ 1 C(2r + n + 2r> + n>) . (36) 



r=0 r'=0 Zn 6 



It can be written in the form 



K n>n , (e) = 2n £ (2fl+ 2 % + "^, 1)! C(2i? + n + n') C„y , (37) 
R=0 C 

where C njn ' t R is given below 

Here -F(a, 6; c; x) is the hypergeometric function which can be calculated at x = 1. There- 
fore one obtains 

r 2- 2fi -"-» / (2fl + n + nQ! 

n ' n ' K_l j fl!(i2 + n)!(i2 + n')!(/2 + n + n')!' 1 j 

As a result, we have the following expression for the kernel |24j 

, R 2- 2K - n - n ' . (2i? + n + n'- 1)! (2i? + n + n')! 

(10) 

The perturbation series for K nn i{e) has a finite radius of convergence due to the 
singularity at e~ 2 = —1/4. But it can be analytically continued around this singularity 
with the use of the contour integral representation and known relations for the T-functions 



K„„/(e) 



n 



" — (2\ n+n '- 2s , r ( g ) r 2 ( nj^+i _ g )r(n±n: _ s)r(gg -s + i) 

(41) 

where the integration contour is to the right of the pole at s = and to the left of the pole 
of ^-function at s = (n + n' — l)/2. The integral is rapidly convergent as ~ J ds/sinirs 
at s — > ±ioo. For small positive e the contour of integration should be enclosed around 
singularities situated to the left of it. Note, that the use of the Merlin-Barnes represen- 
tation (|4ip for sum (|40p corresponds to chosing a definite receipt of resummation of the 
divergent series. Another possibility is to apply to it the KLV approach [5]. This approach 
was very successful for resummation of anomalous dimensions obtained in three [9] and 
four [12] loops. One can also solve the set of linear equations (f22j) approximately reducing 
it to a finite number of them with the kernel, calculated for all coupling constants numeri- 
cally [25]. Two above methods give similar predictions. The shortage of these approaches 
is that they do not lead to analytic results. 

One can express the kernel in terms of the sum of generalized hypergeometric function 

p2^ n+?i , +i -j Y( J l + n ' 1 l)r( n+w ' ) 00 / 2 \ n + n ' —4 
Kn ' n ' (e) = 7rr(n)r(n' + l)r(n + n' +\) ^ {k~ej Fn ^^ ' (42) 
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where 

-4 

-^"'(^2^2) 

,n + n' + 1 n + n' n + n' n + n'+l , , — 4 N , . 

=4 F 3 ( , — ^— , — ^— + 1, ; n + 1, n' + l,n + n' + 1; ^) . (43) 

4 Iterative solution of the SE equation 

The formal solution of the ES equation for the coefficients a n ^ can be written as a matrix 
element of the geometrical progression constructed from the operator K(e) corresponding 
to the kernel K Tl ^ n i (e) 

00 

a n , e = J2(-l) r+1 (K r (e)) ni . (44) 
r=l 

In particular, for the anomalous dimension we have 

7 (e) = -p(e), p(e) = J2(-lY • (45) 

r=0 

In two first orders one can obtain 

p(e) = l-K 1 , 1 (e) + ..., (46) 

where 

The correction K\\{e) increases with decreasing e. For example, ilTii(e) ~ 8/(3e) for 
e —* 0. Therefore one can obtain the solution by the iteration in K{e) only for sufficiently 
large e (small 5). 

In the usual perturbation theory 1/e — ► the iteration of the solution in K{e) leads 
to small corrections to 7 

7W = |-^C(2) + ^(3C(4)+C 2 (2)) 

- ^ (25 C(6) + 12 C(2) C(4) + 2C 3 (2) - 2C 2 (3)) + 0(e' w ) . (48) 
According to the Eden-Staudacher hypothesis [21], in the series 



1 



k 



7(e) = "8 E "73 ^ ( 49 ) 
k=i v 



the quantities are products of (-functions satisfying the transcedentality principle with 
integer coefficients. For example, 

Cl = 1 , c 2 = 2 C(2) , c 3 = 4 (3 C(4) + C 2 (2)) , (50) 
8 



c 4 = 4 (25 C(6) + 12 C(2) C(4) + 2C 3 (2) - 2C 2 (3)) . (51) 
One can prove easily this hypothesis if the factor entering in the expression for K nn /(e) 

_ (2R + n + n' -l)\{2R + n + n')\ 
n ' <R R\{R + n)\{R + n')\{R + n + n')\' 1 ' 

is an integer number. 

Indeed, the coefficients c& can be presented as follows 

oo 

c k = E 4° . (53) 

r=0 



where in the expression for 

oo oo oo r 

S ( k ] = E E - E s 2 , s r J] C(Si) (54) 

Si=2s2=2 s r =2 i=l 

the sum is performed over the ("-function arguments St satisfying the maximal transce- 
dentality condition 

r 

Est = 2/c-2. (55) 
t=l 

It is obviously, that the number of the (-functions with odd arguments st = 2m + 1 should 
be even. 

The factor Us±, ...,s r is given below 

oo oo 

USl . Sr == / ••• / si T so-iii — nn ...T . St — ri r _-i — 1 . (56) 

' 1^1,^—2 — L m,i2,- — 5 — - n P _i,l, 5— 1 — v y 

ni=l n r _i=l 

Note, that the summation is performed only over such for which 

«t = g ( ^ 

is integer. The quantities Usi,...,s r are positive integer numbers providing that T n ^ n i-R 
are integer. 

As for the quantity N S1 S2 Sr entering in the phase factor, it can be written as follows 
(see @nj|) 

r r—1 

N sl>S2 ,..., Sr =Y,Rt + r-{k-l)=r-l-Y j ni, (58) 
t=l 1=1 

where we used the relation 

r \ r r — 1 r—1 

"£R t = Y, St -l-J2n s = k-2-J2ns. (59) 

t=l t=l s=l s=l 
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The numbers N SliS2 ... Sr are defined modulo 2, which means, that one can add to them 
an arbitrary even number. Because 

2R t = s t - (th-i + n t ) 
are even numbers, one can express A r SliS2i ... jSr only in terms of si 

T 

AW.,*, = £( r - 0**- (60) 
i=i 

In particular, when all arguments s; of (^-functions are even, the phase factor (— 1)^ is 
absent. Generally it is enough to sum only over I for which s/ are odd numbers. Moreover, 
because such s; equal 1 modulo 2 one can substitute s; by 1 

N Sl ,s 2 ,...,S r = 1 ' ( S l = ° dd ) ' ( 61 ) 

I 

where we took into account, that the number of odd s/ is even. 

Returning to the Eden-Staudacher hypothesis, it is helpful to present T nn i.R as the 
product of three factors [24] 

T n ,n';R = C^fn+n' C 2R+n+n' 2 R + n + n ' ' 

Here the numbers of distributions 

t (2R + n + n')\ 

L 2R + n + n' ~ tl{ 2 R + n + nl _ t)l W 

are integers. The product of all three factors is also an integer number. To begin with, 
in the case when 2R + n + n' is a prime number p the first two factors are proportional 
to 2R + n + n' and can be divided on 2R + n + n' '. If 2R + n + n' is a product of a 
prime number p and an integer number k, than the product of two first factors does 
not contain the multiplier p only if both n and n' are proportional to p, but in the last 
case the multiplier p is contained in the numerator of the third factor. It proves the 
Eden-Staudacher hypothesis [21). 

For finite 1/e the corrections will be insignificant only if the maximal eigenvalue A(e) 
of the matrix K{e) will be sufficiently small. In an opposite case we should use a non- 
perturbative approach. For this purpose it is helpful to know the expansion of K n ^ n i{e) 
near singular points e 2 = —4 and e = 0, which can be obtained from its integral represen- 
tation. 

Note, that for e 2 — > —4 the large values of the summation variable R are essential and 
therefore £(n + n' + 2R) can be substituted by unity. With the use of the Stirling formulas 
for the T- functions we obtain the singularity of K nn i{e) at e 2 = —4 [24] . 

n /2\ n+n ' ^ (-1) R / A\ R n /2\ n+n ' , 4 Xl/ 4 , , . 
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Using the iterative procedure near this singularity one can obtain the following expression 
for the anomalous dimension 



2/e 2 



7(e) = — — ry-o — . (65) 



To calculate 7 at e 2 — > —4 with a better accuracy we should know the regular part of 
2 _ 

#^(±2*) 



K„ „/ at e 2 = -4 



» - r w v rr. 4. „' 4. 2m r 2 (^±i + r) t(^l + g p^ + r + i) 

n K, "> fcL^ ' R\{R + n)\{R + n')\{R + n + n')\ 



( T i) n+n U C(n + n' + 2R) > 2 ,, o , J,^ 2 J A , ' . (66) 

i?=0 

The sum in this expression is convergent ~ J2rR~ 2 - One can assume, that the result 
does not depend essentially on n and n' . Then the above expression for 7 could be 
approximately valid at e 2 — > —4 even after taking into account the regular contribution 
to i£n,n'- 

Another possibility to estimate the behavior of the kernel K n>n >(e) at e 2 — ► —4 is to 
use the known expansion for the generalized hyper geometric function F niTl i{x) (|43[) for 
x = — 4/(/c 2 e 2 ) near the singular point x = 1. The summation over /c leads then to the 
singularities of K n ^ n i(e) (142]) in the points e 2 = — 4/fc 2 for A; = 1, 2, .... Therefore at e = 
the kernel has an essential singularity [24J. The singularities at e 2 = — 4//c 2 appear because 
in the initial expression for K nn i{e) (j23H written as an integral over j' the singularities 
of 4> n ,e(j) situated at j' = —ke ± i pinch the integration contour L together with the 
square-root singularities at j' = ±1 

On the other hand, we can attempt to find the behavior of K n n i(e) for e — ► 40 directly 
from its integral representation. In this limit the integration contour should be shifted to 
the right up to the first poles of Q- and V- functions situated at s = (n 4 n' — l)/2 and 
s = {n + n')/2, respectively. The contributions to K n ^ n i from the corresponding residues 
are 

K 2n/e 1 n 1 

~ (tl| n') 2 - 1 p ^ n-n'+3 ^j p ( ji'-n+3 ^ n + n' p ^ n-n'+2 ^ p ^ n'-n+2 ^ ' ^ ' 

The solution of the set of linear equations for a Utt can be written in the strong coupling 
limit e —* as follows 

<Ve = 8 n ,l + eAdn.t , (68) 
where Aa n ^ t satisfies the following inhomogeneous equation 

eAa n , e = -5 n> i- 
2n 1 en 



00 

E 

n'=l 



(n 4 n') 2 — 1 p ^ ra-ra'43 ^ p ^ V-n+3 ^ n 4 n' p ^ w-ra'+2 ^j p /r^ 



-n+2 



Aa 



(69) 
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This set of linear equations with the leading term for K nin >(e) at e — ► corresponds to 
the ES equation in the form 

-^ 2 + i )^) = , +1)1/2+J - 2 y_^E/o)( v (j2+1)1/2+J J • 

(70) 

The next corrections ~ e fc to the kernel K n n i{e) can be obtained from its integral rep- 
resentation by taking residues in the poles situated at s = (n + n! + k)/2 for k = 1,2, .... 
Another possibility is to use the known expansion of the generalized hypergeometric func- 
tion F n ^ n i(x) (pl3|) . where x = —4/(k 2 e 2 ), for the large argument x. 

5 Analytic properties of the solution of the ES 
equation 

By summing the geometrical progression we can rewrite the SE equation in the form 

w - e) - w) _ i r d f m (" (/2 + 1)1/2 + j> ) 



(j 2 + I)- 1 ' 2 ~ (j 2 + 1)V2 + j 2 7_ ioo 2vri (j2 + 1)V2 + j + (j /2 + jji/2 _ f ■ ( 71 ) 

The integration contour can be enclosed around the cut situated to the right of it. 
To calculate the discontinuity one should preliminary anti-symmetrize the integral kernel 
extracting from it the square-root singularity as a factor 



(-(j' 2 + l) 1/2 +j') 



(i 2 + 1) l/2 +i+(i /2 + 1) l/2_ i , 
if 2 + l) 1/2 +f (f 2 + l) 1/2 +f 



(j 2 + 1)V2 +j + + 1)1/2 _ j, (j2 + !)l/2 + j _ y,2 + _ j> 

As a result, we can write the equation in the form 

1 



(72) 



{<i>{j - e) - <(>(j)) sfp + 1 



+ 2/ -^(i')' "V^ + J' v^+i+i' 



2vri VVr + i +i + v? 7 +i -f VP + - vV 2 + J 

(73) 

It is convenient to introduce the new variable 

z = (j* + l)V* + j, (74) 

with the inverse relation 

z 2 - 1 

;=V < 75 » 
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and the new function 



4>{j) = xO) 



(76) 



The transformation z = z(j) performs the conformal mapping of two sheets of the Rie- 
mann surface for <j){j) on one sheet for the function x( z )- The physical sheet in the j-plane 
corresponds to the region \z\ > 1. The transition to the second sheet is realized by the 
transformation z — » —z~ l . 

In the new variables the SE equation takes the form 




( < \ (w z2+l 1 r dz ' z ' 2+1 ( >\( z ' \ 

where the integration over z' is done along the unit circle in the anti-clock direction from 
—i to i. We used the notation 

R t z= | +1) (78) 

On the other hand, one can write the ES equation as follows 

( ( \ ( \\ 22 + 1 1 f ^ Z ' 2 + 1 X(g) / 7Q N 
(X{ze) ~ X(Z)) — = - - / 7T- / 1 ' ( 79 ) 

Iz z Jl Ik I z z — z 

where the integration contour L chosen in a form of the unit circle is passed in an anti- 
clock direction. We used the variable z equal to z on the right part of the circle and to 
— 1/z on its left part 

ZRez>0 = Z, Z Rez<0 = -2T 1 . (80) 

The substitution z — ► —1/z in the argument of the function x( z ) means an analytic 
continuation of the function cp(j) to the second sheet of the j-plane with the substitution 
\/ j 2 + 1 — ► —\/j 2 + 1. But according to the representation (fT9|) of <fi(j) as a sum of 
the functions (j> n e(J) ^ has the square-root singularities only in the points j = —se ± i 
(s=l,2,...) being analytic at j = ±i. Therefore 

X(z') = X(z') (81) 
and we can write the equation in the simple form 

i i \ («x\ z2 + l 1 f dz ' z ' 2 + l x(^) mm 

(X{Ze) ~ X(Z)) — = - - / 7T- } 1 ' 82 

2z Z J L 2 7T £ Z' Z — Z 1 

where the contour L is a unit circle passed in an anti-clock direction. The pole at z' = z 
is situated outside it. The singularities of the integral appear when this pole and inner 
singularities of x( z ') pinch the contour. For the singular part of x( z ) we obtain the relation 

(X(ze) ~ X(z)) sing Z ~^- = - z ~ Z —^p~ X(z)sing ■ (83) 



13 



Let us anti-symmetrize the right and left hand sides of the above ES equation to the 
substitution z — > —1/z with the analytic continuation of the added term from l/\z\ < 1 
to \z\ = l/\z\ = 1 

( X (z e ) - X (z) + x((-l/z)e) - X(-Vz)) ^tl = l±l - l±l x (z) , (84) 

where the integral contribution in its right hand side was simplified with the use of the 
relations 

dz' z' 2 + l ( x(z') x(z') \ f dz' z' 2 + l 



L 2iri z' 



( X(z') _ X(z') \ = f dz!_ z' 2 + l / 1 _ z/z' \ 

\z-z' -1/z-z'J J L 2tti z> X[Z) \z-z' z-z'J 



(85) 

It is implied here, that in the first and second terms one takes \z\ — > 1 + and \z\ — > 1 — 0, 
respectively, which gives a possibility to calculate the integral by residues taking also into 
account, that 

f dz' z' 2 + 1 , . , 

/ ^—-—^-X{z ' =0 86 
Jl 2tti z' z 

due to the symmetry of x( z> ) under the substitution z' — > —1/z'. 
As a result, we obtain the equation 

~ ( X (z e ) - X (z) + X ((-l/z)e) ~ X(-Vz)) = 1 - X (z) (87) 
or in a simpler form [23] 

\ (x(z e )+x((-Vz) e )) = l. (88) 

This equation is important, because it relates the function <f>(j) on two sheets of the 
Riemann surface 
1 
2 



i " e + VC? " e ) 2 + 1 + ^ J " e " V 0' - e) 2 + 1 = 1 > (89) 



where j takes pure imaginary values in the interval [— i 3 £]. In the z-representation the 
above relation allows one to find the large- z asymptotics of the function x( z ) providing 
that its behavior at z = is known. 

It is convenient to introduce the function 

«*) = 4^ - ^ 

with the inverse relation 

00 f(7 ) 00 $(j + se + J(j + se) 2 + l) 

X (z) = 2 V z_ se = 0(j) = y ; , >- . (91) 

1 J h z 2 se + 1 1 ' h VU + se) 2 + l { ' 

The function £(z) has the following simple expansion in terms of coefficients a n>€ entering 
in ansatz (fT9|) for <p(j) 

oo 

£(z) = y z" n «! - a n , e ) (92) 

71=1 
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and it is analytic at \z\ > 1 — 5, where 5 > 0. Moreover, this expression satisfies the 
dispersion-type relation 

«,)_/ *L«j2zitlM (93) 

sv ; J L 2ivi z-z' y ' 

without any subtraction terms. 

One can present equation (|88p in the form 

t(z)-t(-l/z) = £±±(l-xW)- (94) 

Really the analyticity of £(z) corresponding to Eqs. (|92p and (|93p together with expression 
(|91|) for x(^) are equivalent to the initial ES equation. There is an analogy of these 
formulas with the dispersion representation for the scattering amplitude and the unitarity 
condition allowing us to express its imaginary part in terms of probabilities of various 
processes. In our case the expression for — £(— 1/z) is a superposition of functions 
£(z) with the shifted arguments z — > z- st . 

In the j'-representation Eq. (|94p has the form 



+ VF+T) VPTT) _ - t(j + se + ^{j + sef + l) 

"WFTl ~ l ~h VU + sey + i (95) 

and it is equivalent to the ES equation providing that the analyticity condition for 
at \z\ > 1 is fulfilled. 

For the singularities of 0(j) on the second sheet of the j-plane we obtain 

(<f>sing{j -€)- fcingU)) if + ^ = (j2 + 1 ji/ 2+j ~ 2 ^ing(j) if + 1) 1/2 • (96) 

Inserting in it our ansatz (|19|) for cp(j) as a linear combination of (f> n ,e(j) we obtain near 
the corresponding singularities 

oo oo 
f + l)- 1/2 E {? - f + I) 17 ')" = 2 E ^n'Aj) (Sn',1 ~ ,e) ■ (97) 

71=1 7l'=l 

The left hand side of this equality should be analytically continued to the second sheet. 
We do not discuss its singularities at j = dbi because they are canceled exactly (see (j95|) ). 
The singularities existing in its right hand side should appear also in the left hand side 
as a result of the divergence of the sum over n. Thus, the analytic properties of the ES 
equation lead to additional relations among the coefficients a ne . 

In more details, the right hand side has the square-root singularities situated in the 
points 

j = -ae±i, s = 1,2,... . (98) 

They appear in each term of the sum over n' , because approximately we have near these 
singularities 

(j + se + ((j + se) 2 + l) 1/2 ) _n _ (±i)-"' 

((j + se )2 + i)i/2 ~ (±2i)V2 (jTiTWW 2 ' (99) 
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As a result, the condition for the appearance of the singularities of on the second 
sheet of the j-plane at j — > — s e ± i has the form 



n=l 

where 



, + if + !)V» = (_. e± , + e * T „.«)"•) „p (^^H^) , (10!) 

OO 

C±(e) = £ (±*)~ n ' (*n',l - <V, e ) • (102) 

n'=l 

Thus, to reproduce the singularity at j — ► — s e±i the large-n asymptotics of the coefficients 
a n>£ should contain the contribution 

/ (s e + i + (s 2 e 2 - 2 i s e) 1 / 2 ) " 2 fs 2 e 2 - 2 i s eW 4 
lim a n , e » -23? A : 2 A1 g f"|j C+(e) | . (103) 

In above transformations we used the relations 

OO 



lim V — x n = yfH (1 - x)- 1 ' 2 

n=l v 



and 

"J/2 

^ I + ( /- -+ II' \ 



■ 't^Vio 2 ,1/2 ) -( S 2 e 2 T2, Se )^(_ se± ,_ jr i/ 2 . 
se±! + (s e 2i s e) > J 



The branch of the square-root in the expression j + (j 2 + l) 1 / 2 is defined in such 
way, that it grows on the second sheet at large j in all directions of the complex plane. 
Therefore in the perturbation theory e — > oo the sum over n is convergent inside the large 
circle \j\ < |e| because for s = 1 we have 

lim „„, M _ 2R \ 

l Vn (-2 7r«) 1 / 2 I 

In an opposite limit of the strong coupling e — ► the nearest singularity is situated at 
j = e ± i — ► ±«. Therefore the radius of convergence of the sum over n tends to zero for 
j — > ±i and </>(j) has a singularity at j — ► ±i. 
Note, that if one introduce the function 



(i) = ^(i - e) - <Xj) = (J 2 + IT 172 E - 0' 2 + i) 172 )" (<W - On, e ) , (105) 



?1=1 



we obtain the following expression for its singular part on the second sheet 

f 9 "2 i 11-1/2 °° 

Wi) = J 2 J +1)1 j /2+J - 2 E <^ + -) • (106) 
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6 Strong coupling limit of the ES equation 

Let us consider now the strong coupling regime 

e^O. (107) 

To find possible corrections at large coupling constants it is helpful to use the expansion 
of z e ([78]) at small e 

z, = z_2 iT^ e+4 (rTi 5 )3 e2+4 ^a^ 4 ' ? + o (,3 £ s) . {m 

The SE equation for e — > is simplified 

a i /• dz> z' 2 + i x (z') 

-ez — x{z) = -- - — : -, 109) 

dz z Jl 2iri z' z — z' 

where the integration contour is the unit circle passing in the anti-clock direction and z 
is defined in terms of z in eq. (|80j) . 

The substitution z 1 — > z! in the argument of \ ls i n an agreement with the linear set 
of equations (122ft for the coefficients of x(^) m its expansion at z —* oo and small e (cf. 

CD) 



X (z) = V «1 - a„, £ ) . (110) 

Indeed, a nj£ has the following representation 
dz' 

(z'* + 1) z- X {z' ) = 

n'=l 

Therefore the kernel in the strong coupling case e — * is 

dz' 



/ (/ 2 + l)z'(«- 2 ) X (z')= E^n'W (<W-<W, 6 ) • (HI) 



((n + n') 2 - 1) ((n - n') 2 - 1) (n + n') 2 - Iff "-^+3 ^ p f n'-n+3 \ ' 



K nn; ( e ) = 2_ f + ^/(n-n'-2) _(_!)"' z '(n+n'-2)\ 

1 " ~" (112) 

-r - i jm »-» to , r , » -» T o . 

which is in an agreement with (|67p . 

By an anti-symmetrization of Eq. (|109p to the substitution 2 — ► — 1/z we can obtain 
the relation 

« + X( - 1A)) = - / " £±i f - *tlMl | , (U3 ) 

where at the integrand it is assumed, that \z\ — > 1 in the first term from above and in the 
second term from below. 
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From relation (|88p valid in a general case one could obtain for e — > 

- e ^ ^ (x(z) + X(-V*)) = 1 " X(z) , (H4) 

but this relation is valid for x satisfying to a different equation in comparison with eq. 
(|109p . Namely, in it z! should be substituted by z'. 

The singular part of the homogeneous equation for x inside the circle \z\ < 1 satisfies 
the equation 



< z^- z X h s °Z(.z) = -Sing (^±ij£<;;»(- , ) ^ (115! 



where the sign Sing means, that in the right hand side only singular terms ~ z~ r (r = 
1, 2, ...) are left. 
Its solution is 

xjssw = / ■ (us) 

y JL 2 7T I z' [z — z') 

The additional factor z/z' in the integrand leads to the constant term do in the large- z 
expansion of Xsing 

°o jhom 

ftw = E -V > (11 7 ) 

fc=0 z 

appearing in an agreement with singularities of the homogeneous equation. 
Using the following relation 



z — z 1 



cxp 



£ z"J„(2e- 1 ), J_ n (x) = (-l) n J n (x), (118) 



where J„(x) are the Bessel function, we can present Xsi^( z ) as follows 

00 

X2SS(*)= E (-^- n ^(2e- 1 ). (H9) 

n=— 00 

Let us attempt to find the singular part of the solution x( z ) °f the inhomogeneous ES 
equation in the form of the expansion 

00 7 

X sing (z) = E 4 > (I 20 ) 
k=l Z 

where the regular term with k = is absent. One can expect just such behavior of x( z ) 
at large z and large coupling constants if the string theory prediction for the anomalous 
dimension is right. We obtain for the coefficients dj. the relations 

ed 1 = l-d 2 (121) 

and 

ne d n = -d n -i - d n+ i . (122) 
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for n = 2, 3, .... 

They are recurrent relations for the Bessel functions J n (2e~ 1 ) and Y n (2e~ 1 ), where 

Y n (x) = lim tt" 1 ( ™M - {-If ±=g&) . (123) 

The last function has the logarithmic singularities in x = 2e _1 due to the equality 

irY n (x) = 

x ^ fx\ 2m ~ n (n-m-l)\ ^^y+ 2 ' V>(n + / + l) + ^ + l) /10 „, 

2 U x) m(-) - £ j — — g UJ nFTT)! (124) 

incompatible with the expansion over e _1 in the perturbation theory. Therefore we neglect 
this function and write the solution of recurrent relations (|12ip . (|122p only in terms of 
the simple Bessel function J n (2e -1 ) as follows 

Thus, to remove the zero mode one should impose on the solution the constraint corre- 
sponding to the possibility of its perturbative expansion. 

For the singular part of the solution at small z we obtain the explicit expression 

1 f dz' exp z 



Xsing(z) = ~ / — - " 7 • (126) 

Jo(2 e 1 ) Jl 2-iri z — z' 
Note, that Xsing(z) is the solution of the equation 

9 1 f dz' Z 12 + 1 Xsing(^) h0 _v 
- € Z — Xsing(z) = ~ ~ ~— ; ^— — . 127 

oz M z Jl 2ni z' z — z' 

In comparison with eq. (I109p here z' is substituted by z'. In principle we can obtain the 
equation with such substitution starting from the ES equation (|82p in the strong coupling 
limit e — > 0. Thus, there is an uncertainty in the limiting form of the ES equation. 
Presumably it is related to the fact, that the function <p(j) (|19|) in the limit e — > develops 
a singularity in the point j = ±i and therefore relation (|8ip is violated. We have shown 
above, that from eq. (|109j) one can obtain the linear system of equations with the kernel 
(|112p coinciding with expression (|67h , derived from the Mellin-Barnes representation (]41[) . 
But this representation is only one of possibilities to sum the divergent series (|4ip . Another 
way of its resummation could lead to the kernel corresponding to eq. (|127p . At least the 
results obtained from equations (|109p and (|127p are presumably close each to another. 

Having the above arguments in mind, with the use of eqs (|12p . (|13p we obtain for the 
anomalous dimension the following result 



^ = \ tiM • (128) 
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In particularly in the weak coupling regime we have in an agreement with the perturbation 
theory 

lim7^4= 4 5 2 - (129) 
In the strong coupling regime this expression is simplified as follows [24] 



lim7~2V2 5 K f 2 ^=2^ 5 tan --- . 130 

9^oo cos(f - f ) \e 4/ 

The last result should be compared with the prediction of Polyakov and collaborators [26J 

lPol = 2V2g. (131) 

Therefore from the ES equation we obtain the anomalous dimension which in the strong 
coupling limit rapidly oscillates around the string prediction. 

Using the perturbative expansion of the Bessel functions we obtain in the weak coupling 
limit 

_ 2 I~5? + - 2 I 1 41 (132) 



7* 2T2l^ 

It agrees in the Born approximation ~ 1/e 2 with the solution of the SE equation, but 
in upper orders for the simplified version of the equation, where the factor t/(e t — 1) is 
substituted by unity, there are corrections of the odd order in 1/e. Indeed, in the leading 
order 

x {1 Hz) = -. 

e z 

The next-to-leading correction satisfies the equation 

d (2) . IP dz' z' 2 + l ( z' , 1/z' 



a (2) , , i r dz' z ,z + i ( 

oz e J-i 2 it i z 6 V 



z+l/z' 



1 / (1 + z 2 ) 2 z + i m 2i 



In : + + 2iz\ . (133) 



Therefore 



2iri e \ z 2 z — i z 2 z 



m, n 1 f z , / /(I + z' 2 ) 2 , z' + i fi 2% N 



2irie 2 Joo \ z' 3 z' — i z' 3 z' 2 



dz' z' + i z A — 1 , z + % iri i \ 
r ln 3— + 33o-ln---— • (134) 



27ri e 2 I Joo z' z' — i 2z 2 z — i 2z 2 z 
In particular, one can obtain the following asymptotic behavior of x ( 



lim X ^{z) = --i*- = -— 8 — , (135) 

z^oo e ^ 37r e j 
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which leads to the correction to the anomalous dimension 

7 (2) = -^3- (136) 

In the real case, when we do not neglect the factor t/(e t — 1) such corrections ~ 1/e 3 are 
absent. 

Let us investigate now the singular behavior of x( z ) at z ^ ±1 For this purpose we 
calculate the discontinuity of the SE equation on the cut —i<z<i 

e z ^ ( X (z + 0) - x (z ~ 0)) = Z —^- ( X (z + 0) - x(-l/z)) . (137) 

On the other hand, the functions x( z ) an d x(~^/ z ) can t> e expanded near the points 
z = ±i in the Taylor series. In two first orders we obtain 



X (z + 0) - x(-l/z) = 2 X '(±i) [z^i±-{z^ i) 2 )j . (138) 
Simplifying the right hand side of the equation near the points z = ±i we obtain 

e §- z (X(z + 0) - x(? ~ 0)) ~ T4i x'(±i) (z T if (l ± % - (z T *)) ■ (139) 
Therefore the singularities at the point z = ±i are very soft 

X(*)~H = ^ X'(±0 (* T *) 3 (l ± ^ (z T i)) • (140) 

This formula is valid also in the perturbation theory e — > oo, where 

x '(±i) « i . (141) 

The knowledge of the singularity of the function x( z ) f° r z ^ ±i gives a possibility to 
find the asymptotic behavior of the coefficients a n>e for n — > oo in ansatz (|110|) . Indeed, 
it is in an agreement with the expansion of this function at large z providing that the 
coefficients a„ ie behave at large n as follows 

8 i n+3 

lim a n>e = -Mx'(i)^r, (142) 



where we used the relation 

~ x~ n (x - l) 3 , z , s 

limE^r = 4r^ln(x-l), - (143) 



n=l 

for the singularity of the sum. 

The value x'(±i) can be expressed in terms of coefficients a Utt as follows 

X '(±i) = - £ ^ (<W - a n , e ) . (144) 

n=l 6 
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One can consider the ES equation on the z-plane, which includes the second sheet of 
the j-plane with the cuts going from the points z = i and z = — i to z = ioo and z = —ioo, 
respectively. We can present the function on this plane through the dispersion integrals 
over these cuts and through the above singular contribution Xsing(z) 

x(z) _ r ^j^tm + + ^ , (145) 

where x( z ') 1S defined as an analytic continuation from the left part of the cuts. The 
functions \{~ V 2 ') have their argument on the line between —% and % where the cut is 
absent. 



7 Beisert-Eden-Staudacher equation 

Recently Beisert, Eden and Staudacher (BES) [23] derived a new equation for the anoma- 
lous dimension at large j. In this equation the authors took into account the phase factor 
resulting from the necessity to have an agreement with calculations on the superstring side 
in the framework of the AdS/CFT correspondence [27J. In Appendix A we analytically 
continue this phase factor to the weak coupling regime and obtain for it the expression 
coinciding with that of Ref. [23] . Let us redefine the function f(x) satisfying the ES 
equation © 

t 

e f ~ 1 

and introduce the operators Kq and K\ acting on the new function 



f(x) = — F^), t = ex (146) 



poo +' 

K r F(x)= dx'—, K r (x,x')F(x'), (147) 

J o e { - 1 

where the integral kernels are (cf. (|10p ) 



>3C 



2 2 

Ko(x,y) = — V (2r - 1) J 2r -i(x) J2r-i{y) , Ki(x,y) = — V 2r J 2r (x) J 2r (x) , 

K(x,y) = K (x,y)+K 1 (x,y). (148) 
In particular the operators Kq and K\ act on the Dirac (5-function as follows 

K S(x) = ^M 5 KiS(x) = 0. (149) 
x 

The BES equation [23] in the operator form can be written as follows 

eF(x) = (l + H K^j K 5(x) -\K + K l + ^ K x K j F(x) . (150) 

Note, that we leave the same definitions for g and e as in the case of the ES equation (see 
®>©) contrary to the definitions in Ref. 



22 



It is convenient to separate the solution in its symmetric and antisymmetric parts 
under the substitution x — > — x 

F(x) = F + (x) + , F±(-x) = ±F±(x) . (151) 

Then the BES equation is equivalent to the set of two equations 

eF + {x) =K 5(x) -K Q (F+(x) + F-(x)) , 

eF-(x) = -K 1 K S(x)-K 1 (l + -K )) (F + (x) + F.(x)) . (152) 



By finding the formal solution of the second equation for F- (x) and inserting it in the 
first equation for F + (x) we get 

i + K J— v I F+(x) = K J— v S(x) . (153) 

Because F + (x) is even, we can present it as follows 

F+(x) = K + 4(x) , (154) 

where <p{x) is the function which does not have any symmetry under the substitution 
x — > —x. From (11530 we obtain the following equation for <j){x) 

e + K + K l + -^K l K^j <f>(x) = 5(x) , (155) 

where it was assumed, that the operator 



= K, 



does not have zero modes. 

Let us show, that one can derive the same equation for <j){x) starting from a simpler 
set of equations 

eF + (x) = K S(x) - K (F + (x) + iF_(x)) , 

eF-(x) = -K 1 (iF+(x)+F-(x)). (156) 

Indeed, by finding F-(x) from the second equation and inserting it in the first equation 
we have 

e ( 1 + K —I— (1 + - Id)) F + (x) = K 5(x) . (157) 
V e + Ki e J 

Therefore by introducing the function <j)(x) as above, we obtain for it the same equation. 
Of course, the function F_{x) will be different in two cases, but we need only the function 
F + {x), because the anomalous dimension is expressed only in terms of it 

7 = ^F + (0). (158) 
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Note, that the BES equation for F(x) has the form similar to the equation for cj>(x), 
but with another term in the right hand side. It is fulfilled, which can be verified by 
adding the equations for F±(x). 

Similar to the case of the ES equation we can construct the set of linear algebraic 
equations equivalent to the system (|156|) if we write the solution as superpositions of the 
Bessel functions (cf. (fl9|) ) 



F+(z) = £(2r - i)^z±M {6rA - a 2r ^) , F _ {x) = _ f](2r)^M a 2r . (159) 

r=l r=l 

Then the anomalous dimension is given by the same expression as earlier (cf. (|2ip ) 

7 = 4 (160) 
but for the coefficients a& now we have another system of algebraic equations (cf. (|22|i) 

oo oo 

«2r-l = X! ^2r-l,2r'-l(e) (#r',l ~ «2r'-l) — * ^ ^2r-l,2r' (e) G2r' , 
r'=l r'=l 

oo oo 

02r = ~ E -^2r,2r' ( e ) «2r' +^ E ^2r,2r'-l(e) (^r',1 ~ «2r'-l) , (161) 
r'=l r'=l 

where the kernel K n y(e) is given by expression (|40p . Therefore the coefficients of the 
perturbative expansion of 7(e) 

7(e) = -8 £ (-4?) 4 (162) 

are calculated from the expression similar to (|53p 

00 

4 = E^- (163) 

r=0 

The quantity S^. is presented below (cf. ([MP ) 

00 00 00 r 

4 r) = E E - E ( is v ~- * new. (164) 



si=2so=2 s r =2 j=l 



where Us±, S2, s r are defined by expression (|56j) and due to the factors i in coefficients of 
Eqs. (|16ip we have an additional contribution to the integer number N SltS2 ... Sr presented 
in expression (|6ip 

iV Sl ,, 2 ,..., Sr = E / + ?El' si = 2A; + 1 . (165) 



1 2 * 



The additional contribution is a half of the number of s; having odd values among r of 
them. We remind, that the number of such s; is even. 
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We can generalize the ES equation (|7ip written for the function obtained by the 
Laplace transformation (jlip to the BES case. We consider only the strong coupling 
regime, where the ES equation in the ^-representation (|74|) is simplified (see (|1U9|) ). For 
the case of the BES case one should introduce two functions satisfying the set of equations 

d . . 1 1 f dz' z' 2 + l ( 1 1 \ , . ... 

« IL^i^v 1 (ih-jh) • < 166 > 

Here the integral is performed over the unit circle in the anti-clock direction. The variable 
z 1 coincides with z 1 on the right part of the contour L and z! = — z'~ l on its left part. The 
variable z initially is outside the unit circle, but we analytically continue the integrals to 
the region \z\ < 1. In the next section we discuss the solution of eq. (|166p . 



8 Strong coupling limit of the BES equation 

By simplifying Eqs. (|16ip at e — > 0, we can substitute the set ()12ip . (|122p of equations 
for coefficients of the singular solution (I120p of the ES equation by the corresponding 
equations for the BES case 

OO j 

Xfi 9 3 ^) = £ 3 , (167) 
k=i z 

ed 1 = l-id 2 (168) 

and 

ned n = -idn-x - id n+ i . (169) 

for n = 2,3, .... 

They are recurrent relations for the Bessel functions J n (—i2e~ 1 ) and Y n (—i2e~ 1 ). But 
similar to the section 6, one can argue that the solution of the above recurrent relations 
should contain only the Bessel functions J n (i2e~ l ) = i n I n (2e~ 1 ), because the function 
Y n (i2e -1 ) has the singularities incompatible with the perturbation theory expansion (see 
CEMD). So, we obtain (cf. (fT25D ) 

It corresponds to the singular solution of the BES equation in the form (cf. (|126p ) 

d z' exp y 



X«n fl W I (2e-i) J L 2ni z - z> ' ( ' > 

Again, as in the case of the ES equation we stress, that xfing ( z ) can considered 
as a solution of the equations obtained from the strong coupling BES equations (|166p 
by the substitution z' — > z' (cf. (|82j) ). As earlier there is an uncertainty in the limiting 
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procedure also for the BES equation. However we believe, that the results obtained from 
the equations derived in the strong coupling limit from the different forms of the BES 
equation should be close each to others. Therefore assuming, that one can calculate the 
anomalous dimension from the large- z asymptotics of the singular solution we obtain for 
the anomalous dimension of the BES equation the result (cf. (|128|) ) 



, LIES 2 3 _ 2 J l( 26 J , 
Ising =- d l-- T^pTT • ( 172 ) 



In the strong coupling regime e — » the expression for J^g ^ s significantly simplified 

Um 7 5f ( f «H_I_i e = 2^2 5 --- — , (173) 
g^oo < sm 9 e 2 16 2 32 g y ' 



because the large- i asymptotic of I n (t) is following 

In{t) 



An 2 -I (4n 2 - l)(4n 2 - 9) fl 
1 8T~ + 2!(8tp + \¥ 



2-rrt 

The result (|173p should be compared with the string prediction 

3 



(174) 



iPol 



2V2g In 2 « 2 V2 g -0.661907. (175) 



7T 



So, we reproduced exactly the leading behavior for ^p i but the NLO Frolov-Zeitlin 
coefficient is obtained only with 30% accuracy. Note, however, that there are additional 
corrections to Eqs. (|168p and (1169P which should be responsible for the difference (see 
Appendix D and discussions therein). 



9 Conclusion 

In this paper we investigated the solutions of the ES and BES equations for the anoma- 
lous dimension at the large spin s. Each of these integral equations was presented as a 
set of linear algebraic equations (|22p . (|16ip with the kernel expressed in an explicit form 
(|4ip . which gave us a possibility to find the convergence radius of the small coupling 
expansion of this kernel and to calculate its strong coupling asymptotics. In particular 
we proved the maximal transcedentality property of the perturbative expansion for the 
anomalous dimension combined with the the ES hypothesis about the integer coefficients 
in front of the product of the ^-functions. Performing the inverse Laplace transformation 
of the solution together with its subsequent conformal mapping to the z-plane we reduced 
the ES equation to the simple functional relations (|9ip . (194p valid for all coupling con- 
stants. The similar relations are valid also for the solution of the BES equation. In the 
strong coupling limit the singular behavior of solutions of these two equations at z — > 
was constructed (see (I126D and (I17ip ). Assuming, that this singular behavior is valid 
also for large z, we calculated the corresponding anomalous dimensions at large coupling 
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constants (|128p . (|172p . The asymptotic behavior of the anomalous dimension obtained 
from the BES equation at g — > oo (|173p is in the agreement with the string predictions 
(see [26J). The difference in corrections to these asymptotic expressions is presumably 
related to simplifications maid by us to get the exact singular solution (|17ip ). Thus, we 
demonstrated above that the AdS/CFT correspondence together with the integrability 
and transcedentality incorporated in the Beisert-Eden-Staudacher equation allow one to 
construct the asymptotic behavior of the anomalous dimensions of twist- 2 operators at 
s — > oo for N = 4 SUSY for all coupling constants. However, because we do not know 
how to find corrections to the singular solution (|17ip ) of this equation in a regular way, 
the problem of finding next-to-leading terms e ~ 1/g for expression (|172p remains to be 
solved. 
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Appendix A. Dressing phase 

The dressing phase factor according to Refs. \23\ [28] should have the following form 



exp(i#i2) = exp 



oo oo 



r=2 s=r+l 

Here q r (x) are the conserved magnon charges 

% ( 1 



Cr > s (ir { x t) Is (xf) ~ q s (xfj q r (^)) 



(Al) 



r - 1 V0 + ) r ~ 1 (x+) 



r-l 



(A2) 



and c r>s are some coefficients depending on the coupling constant g = y/X/An, where A is 
the 't Hooft coupling. 

The strong coupling expansion of c r)S was obtained on the string theory side |29 [ 13 ^ 127] 



(1 - (-l) r+s ) 



(A3) 



n=0 



Here the coefficients 



dn) _ 1 C(«) 


r 


g(s + r + n — 3) 


r 


)(* 


— r + n — 1) 


r ' s {-2ir) n T(n - 1) 


r 


|(s + r — n + 1) 


r 




— r — n + 3) 



(A4) 



were derived in [27] with the use of the crossing symmetry 

Recently the week coupling expression for c rjS was suggested in |23j in the form of the 
expansion 

oo 



n=0 



The purpose of this appendix is to prove expression (|A5p . 



(A5) 



A.l Basic formulas 

Eq. (lA3[) means that only the odd integer values of the sum r + s are important, i.e. 

r + s = 2m + 1, (A6) 

where m > 2, because r > 2 and s > 3. 

Further, following to Ref. [23] it is useful to extract from the sum in (|A2|) the first 
two terms: 

c r , s = 43 5 + 4°2 + B r,m, (A7) 
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where 



.(0) 



.(i) 



"r+1,8 _ 3r,m 

(r — l)r (r — l)r ' 
2 1 
7r (s + r — 2)(s — ? 

oo 

EA ( v (m) 

z=o 



1 



7T (2m- l)(2(m-r) + 1) ' 



and 



B (0 



1 + 2) r(m + l/2)T(m + l-r + l/2) 



(-2ir) l + 2 r(Z + 1) r(m - l/2)T(m + 1 - r - Z/2) 

s(n) 



(A8) 
(A9) 

(A10) 
(All) 



Let us consider now eq. (|A5p . According to [23] Cr™ can be presented using the 
relation 



C(l -z) = 2(2tt)- z cos fc) T(z)C(z), T(l - *) 
in the form (for odd values of r + s) 
*(») - 



7T 



sin(-7rz)r(z) 

2(-l) s - 1 -" cos (f n) C(l - n)r(2 - n)r(l - n) 



(A12) 



r 



^(5 — n — r — s) T A(3 — n + r — s) T ^(3 — n — r + s) V \{\ — n + r + s 



For r + s = 2m + 1 and n = 2k { cos["7r(/c + 1/2)] = and, thus, c 
A5|) can be rewritten as follows 

C(l + 2k)Y{2 + 2/c)r(l + 2k) 



(-2fc-l) 
r,s 



0) the eq. 



_2 y^f-i) fc+r 

^ 1 T(2-m + k)T(r + l-m + k)T(2+m-r + k)T(m+l + k) 



l+2k 



(A13) 

For k < m — 2 the coefficients are zero and, thus, one can substitute J2T=o ~^ J2T=m-i m 
the r.h.s. . Then, eq. (jA13[) can be rewritten in the new variable p = k — m + 1 

C(2p + 2m - l)r(2p + 2m - l)r(2p + 2m) 2p+2m _a 



2 ' s y^^_^m+r+p 

p=0 

2(-l) m+r g 2m - 1 K r -i 



T(p + l)T(p + r)T(p + 2m + 1 - r)r(p + 2m) 

2m— r j 



where 



A", 



oo 
p=0 



2>> P C(2p + r + s)(2p + r + s)!(2p + r + s - 1)! 
p!(p + r)\{p + s)!(p + r + s)! 



(A14) 



(A15) 



Note that K T)S contributes to the perturbative results for the ES and BES equations 
(see PIES]), because 

r dz M2 9 z)J s (2 9 z) 
Jo z(e z - 1) 



K r 



and J r {2gz) is the Bessel function. 
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A. 2 Results 



Let us write the Mellin-Barnes representation for the coefficients B r 



I dt 1 T(m-t/2)T(m + l-r-t/2) , , 

Br ' m ~ J.^2^j2^ L[tK[2 * j r(m + t/2)r(m + l-r + t/2) 5 ' [AU) 

where the integration contour is to the right of the pole at t = and to the left of the pole 
at t = 1. Closing the contour to the left, we can reconstruct the Eqs. (jAlOp and (jAlip 
from the poles of T(t) at t — > —I. 

Using relation fAT2l) for C(l - z) (lAl~2l) one can rewrite (IA17|) as follows 

1 rico (If /— \ 

B r , m = - ^r(t)cos (-(t-i) r(t-i)C(t-i) 

vr J -too 2m V 2 / 

r(m - t/2 + A)r(m + l- r- t/2+j) ^ 

r(m + t/2)r(m + 1 - r + t/2) 1 J 

where small quantities A and 5 were added to the argument of the last above T-function 
to prevent contributions from coinciding poles. 

Closing now the integration contour of eq. (|A18p to the right, we have four terms com- 
ing from the poles of r(t— 1), 1), r(m— t/2+A) and T(m+l— r— t/2+5), respectively. 

1. The pole of T(t - 1) at t 1 gives at A = 5 = (with C(0) = -1/2) 

iB r>m = ^ ( m -i/ 2 )(m-r + l/2)' (A19) 
and cancels the term cf*J in eq. (|A7|) . 



2. The pole of ((t - 1) at t = 2 + 2e produces at A = 5 = 

2B r , m = — — cos ( + so) r (2 + 2 E) r ( i + so r . r( "' ; ' - p '" : r = j , 9 ™ . 

7r \2 / 1 (rrc + 1 + ejl (m + 2 — r + e) 

The result is zero if r ^ m, because 

cos^|(l + 2e)^ = -7TE. (A20) 
For r = m there is an additional pole at e —* in r(— s). So, finally we have 

2B r , m = ~ fc^ ff, (A21) 
which cancels the term cl°j g in eq. (|A7p . 



30 



3. r(m — t/2 + A) produces poles at t — ► 2(m + A; + A). One can obtain at 5 = 

r 



1 00 (-l) fe 
3 -B rim = - V , , cos 



it [ m + k + A 



r(2(m + fc + A) - 1) 



C(2(m + fc + A) - 1) F ' 2 ''" + * + ggfi A) 



r(2m + fc + A)r(2m + fc + l- r + A) 



.9 



2(m+fc+A)-l 



.(A22) 



Because 



cos 



7r ( m + A; + A 



r(l-jfe-r-A) = 
eq. ()A22p can be rewritten as follows 



\r+k 



(-l) m+/c 7rA + \^A 

r(l - A)r(A) 
F(k + r + A) ' 



(A23) 



m+r+k r(2(m + fc))r(2(m + fc) - l)C(2(m + fc) - 1) 2{m+kyi 



' fc!r(fc + r)r(fc + 2m)r(fc + 2m + l-r 

I i ^m+r 2m- 1 

i.e. 3-B r ,m is two times less then c rjS (see eq. (jA14j) ). 



(A24) 



4. r(m + 1 — r — t/2 + <5) produces poles at t — ► 2(m + 1 — r + fc + 5). 
Similar to the previous subsection after simple algebraic transformations one can ob- 
tain the contribution 4-B rm , which coincides with ^B rm , i.e. 



4B r ,m — 2,B r ,m — ( — l) m+r g 2m 1 K r -l,2m- 

So, the sum zB r ,m + 4,B r ,rn reproduces the result (|B15P 



(A25) 



3-£>r,m + 4-Br,m — 2( — l) m+V g 2m 1 K r _\^m-r — &T,s ■ (A26) 

Thus, we proved the duality between large and week expansions of of cv )S at odd values 
of s + r 

oo oo 

c r ,s = £ 42<7 1_n = ~ E 47V +n , (s + r = 2m + 1) 

n=0 n=0 



(A27) 



with c£j$ given by Eq. (|A4j) . 
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Appendix B. Independent derivation of linear al- 
gebraic equations 

Here we present the derivation of the set of linear equations (I22|) without using the Laplace 
transformation (jlip . 

1. We start with the initial version (|6|) of the ES equation with the kernel (jlOh and 
write it as follows 



where the new function 



(*) = f(x) . (B2) 

x 



is introduced. 

One can search its solution in the form 



*(*) = f>„^ (B3) 



n=l 



By inserting the ansatz (|B3P in Eq. (|B1|) and comparing the coefficients in the front 
of J k (x) in the l.h.s. and r.h.s. , we obtain 

a k = S kA - 2kb k , (B4) 

where 

f°° dz 

b k = J o ^-jj k (zMz) 

= - -^rUt/emt/e) = £ ~ f° J k (t/e)d n ^^ . (B5) 

e Jo & — 1 ^ e Jo e* - 1 (t/e) 

Eqs. (|B4j) and (]B5[) are similar to (|22|) and (|23() in the main text. 

Expanding both Bessel functions in the r.h.s. of Eq. (|B5|) in series according to ([8]) 
and applying the integral representation for the Euler (^-function 

p\ap+i)= r^-tp, (Be) 

Jo e { - 1 

we obtain the following expression for 



oo oo 

'k = 



(B7) 



, ^-l(* + fc)!^«(I + n)I 
where 5 = g/V2 = l/(2e). 
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The interchange of the summation order gives 



b k = Yl *n9 k+n E (-9 2 T (2p+k+n-l)l((2p+k+n) E 



1 



n=l 



p=0 



s=0 



s\(s + k)\(p — s)\(p — s + n)l 

(B8) 



The last term in the r.h.s. can be calculated exactly 

1 2 Fi(-p,-(p + n),k+l,l) 



E 



q s\(s + k)\(p — s)\(p — s + n)\ s\(s + k)\(p — s)\(p — s + n)\ 

(2p + k + n s j\ 



pi (p + k) ! (p + n) ! (p + k + n) 



(B9) 



where 2-^1 is the hypergeometric function. 
Thus, we obtain 



n=l 



, fc+n ^ (2p + n + fc)!(2p + n + fe - l)!C(2p + k + n) ( __ 2)p 
p!(p + n)!(p + k)\{p + n + fc)! ' 



E^ fc+ "E 

p=0 



1 00 

2£ E^^ +n ^,n(9), 



(BIO) 



n=l 



where -K"fc jn is given by Eq. (jlOj) . 

So, the obtained set of equations is 



afc = h,k ~ E a n g k+n K k)Tl (g), 



n=l 



(Bll) 



which coincides with Eqs (|19p and (|22p . if a n — ► a ne . The coincidence is not trivial, 
because a n and (Xfi e are coefficients of the expansions of the functions ^f(x) and f(x), 
respectively. 

2. Let us consider now the BES equation (see Eq. (B3) in [BES]) in the form similar 
to (IBTl) 



Jib) 



+ 2 zJ _1 ) c 2k+i,2{9) 2 l^ k / 

x fc =i * Jo 



X 
00 



dz 



1 



'hk{x) y^_-gfc+s+i 



C2fc+l,2s( 



fc=l 



s=l 



- 1 



J2,_i(z)*(«), 



(B12) 



where 



Cr,s(s) = 2 cos 
= 2 cos 



(s — r — 1) 
(s — r — 1) 



(r-l)( s -l) 



eft 



'0 t(e* - 1) 
(r - l)(s - l)cr )S (^) 



Jr-i(gt)J s -i(gt) 



(B13) 
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One can introduce even and odd components of ^f(x), such that Vl/±(— x) = ±^Sf±(x): 
*(sc) = V+(x) + ^-(x), *±(x) = -(*(ar)±*(-ar)) (B14) 
Adding and subtracting Eq. (|B12|) and that with the replacement x — > — x, we have 

•+(*) = ^^Eia-D^lrA^^) pig) 



fc=l 

oo 



k=i x k=i x jo e i 

- 4f E(-l) fe+s+1 c 2fe+ i )2s (5) [°° -J^J^zMz). (B16) 

X 8=1 ^ e 1 

The solutions for v I / ±(x) can be found by analogy with the previous subsection. They 
have the form 

fcfc-i = <5*,i-2(2fc-l)62fc-i, (B17) 

oo 

a 2k = 2(-l) k c 2k+1 , 2 (g)5 ktl - 4kb 2k - 4^(-l) fc+s+1 c a+1 , 2s (s) 63.-1 • (B18) 

8=1 

Thus, for a2fc-i we have 

oo 

fl2fc-i = - E an9 2fc+n_1 K 2k ^ 1>n (g) . (B19) 

n=l 

To obtain the expression for d2fc we should calculate c 2k+ i j2s (g). Expanding both 
Bessel functions in the r.h.s. of Eq. (1B13|) in series according to ([8]) and applying the 
integral representation (|B6|) for the Euler (^-functions, we obtain 



" X ^TW. S fiO + 2» - 1)! ( 2(t + ' + - + '- 0) ■ 



• c(2(A; + s + m + 0-l)5 2(fc+s+m+0-1 , (B20) 
Analogously to Eqs. (1B8I) and ()B9j) we interchange the summation order 



c 2k+ i, 2s (9) = E(-!) P 5 2 



p=0 



1 


(2p + s + fc - 1) 


i 


(2p + s + fc) - 1 


I 


p\(p + 2s - l)!(p + 2fc)!(p + 2s + 2fe - 


1)! 



and obtain 



C(2p + k + a) - 1) = 5 2 ( fc+fi )- 1 -L *T 2fe , 2s _i(s) , (B21) 



c 2fe +i,28(5) = ^-i(-l)*+V (fc+ ' )_1 K^fr-iiV) , (B22) 
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which is in agreement with eq. (|A14p . 

Using Eqs. (|BTT|) and (|B^2|) . one obtains 



a 2k = g 2k+1 K 2Kl (g)-Y.a n g 2k+n K 2Kn (g) 

n=l 

oo oo 

+ *n9 2k+n Y,9 2s ~ 2 Kk,2s-M K 2s -l,n(9) (B23) 



n=l 



Note that in agreement with (|16ip . the eqs. (|B19P and (|B23P can be rewritten in more 
simpler form 

oo oo 

02*-l = h,k ~ a2m-ig 2k+2m ~ 2 K 2k -l,2rn-l(g) ~ * ^ ^".f*" 1 #2jfc-l,2m(s), 

m=l m=l 

oo oo 

a 2fe = -»E «2»-if +2m " 1 ^, 2m -i(5)- E «2»f +2m %, 2m (5), (B24) 

m=l m=l 

which coincides with the one for ES equation with replacement K r ^ s — ► zJC r!S for the odd 
values of the sum r + s. 

Appendix C. Linear algebraic equations for e —> 

Here we derive the set of linear algebraic equations for solution of the ES equation at 
large coupling constant limit g — > oo. 

The equations in this limit can be obtained from the Mellin-Barnes representation (|4ip 
for the kernel K nn r. Nevertheless it is useful to derive them independently. 

At e — > 0, Eq. © is simplified as follows 



z) (CI) 



fc=i " 

Similar to Appendix B one can introduce even and odd components of f(x), such that 
f±(-x) = ±f ± (x): 

/(*) = /+(*) + /_(*), /±(x) = ~(/(x)±/(-x)) (C2) 
Adding and subtracting Eq. (jCip and that with the replacement x — ► — x, we have 



e/+w = W-ifpi-DMr^,,,,,,) ( C3) 



x — X Jo ^ 



= -4E^r^ a (#) (C4) 
^ x Jo z 



fc=l 
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1. We can present the function f(x) in the form similar to (|B3P 

f, \ J n +i(x) , . ^ J 2n+ i(a;) ^ J2n+2(a;) 

' * /y ' * rp t * rp 

n=0 n=0 n=i) 

(C5) 

The integrals appearing in the r.h.s. of (|C3P and (|C4|) can be calculated as follows 



oo 



dz 4 f—iy+M 

o ^ J ^ J ^ = ^ [4 (s + 2 -l] [4(,-/) 2 -l] (C6) 
^ 4 (_i)s+m 

l2 J 2 S+ l(^)^ + l(^) = - [4(s + l + 1) 2_ 1] [4{s _ 2 _ 1] ( C7 ) 

<fo _ , . _ , . i r(s + o 



oo 



/■oo 

/ -nJ2s(z)J2I+l(z) 



4 T(s + Z + 2)r(l + s - l)T(l -s + 2) 

*s if s — / 

8 l+1 

3s(2s-l) ' if * = * + 1 ■ 



(C8) 



Therefore we obtain the following linear set of equations for coefficients 

a 2s (l - 5 0yS ) a 2(s+i) 



e fl2s+2 



4s 4(s + 1) 

8(2* + 1) f, (_i)^ + i Q2m+1 

vr ^ Q [4(m + s + l) 2 - 1] [4(m - s) 2 - 1] 1 J 

«2s+l «2s+3 



2(2s + l) 2(2s + 3) 

16(« + 1) V (-l)^+lq 2m+2 

7T ^ Q [4(m + s + 2) 2 -l] [4(m - s) 2 - 1] 1 j 



The first and second equations came from Eqs. (|C3P and (|C4p . respectively. These 
results can be derived also directly form Eqs. (Illip and (|112l) with replacement a n>e — > 
a 2s +i , i.e. n — ► 2s + 1. 

For the singular form of ES equation the formulas can be obtained by the replacement 
a p — > 2o p (p = 2s, 2s + 1, 2s + 2, 2s + 3) and ai m +\ = fl2m+2 = in the r.h.s. of (|C9|) and 
(jClOj) . So, the equations are similar for odd and even part and can be rewritten in the 
simpler form 

a n _i(l-£ ln ) a n+ i , ni1l 

ea« = S ln -, 7T t — — r, (Cll) 

[n — 1) (n + 1) 

which coincides with the ones in (|12ip and (|122p after the replacement a n = nd n . 
2. We can search the functions f(x), f+(x) and f-(x) in another form 

oo oo oo 

f( X ) = X! d n Jn(x), f + (x) = ^ d2nJ2n(x), f-(x) = d 2n -l hn-\ 0*0 • (C12) 
n=0 n=0 n=l 
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By substituting this ansatz in Eqs. (|C3P and (|C4|) and using the formulas 

r°° dz 1 

/ -Mz)J 2l (z) = -6 sd (C13) 
jo z 4s 

(C14) 



dz 



2 

00 



J 2s +l(z)J 2 l+l(z) 
J2s{z)J 2 l-l{z) 



s.l 



2(2s - 1) 
2(-l) s+/ 



/ 2 vr[4s 2 - (21 - l) 2 

we obtain the following set of equations for coefficients d\. 

l-l Aim i\ oo , -,\m+l 



2(2/ -l)e d2m + 0(e 

m=0 
l-l 

Ale d 2m+1 + 0(e 2 ) 



4(2/ - 1) » 

£>/,! - "2Z-1 2^ 



■1 



d 2 m 



7T 



' [4m 2 - (2/ - iy 



(C15) 



r(C16) 



2m- 1 



m=0 



7T 



o ^ 2 



(2m- 1) 2 1 



a > i), (ci7) 



derived from the comparison of coefficients in the front of the functions J 2 i-\(x)/x and 
J2i(x)/x, respectively. The equations (|C16P and (|C17|) look simpler then ones (|C9P and 
([HIT]) . 

3. Eqs. (|C16P and (|C17|) can be simplified by considering as independent ones the 
coefficients d 2 i-i- Indeed, from Eq. (|C17j) one can express the coefficients d2i through 
c^-i and insert the results in the l.h.s. of Eq. (|C16p . 

Using some algebraic manipulations we obtain at e = 



4-i (*'(* + 1/2) 



+ 



(2/ ~ If 
2vr 



-1 



E+ E 

m=l rn=l+l 



(21 - l) 2 
(-l) m d2m-lR(l,m), 



(C18) 



where 
R(l,m) 



1 



2(1 - m)(l + m- 1) 
4(/ - m) 



+ 



(1 - 2m)(l - 21) 
2 



2^(m + 1/2) - TTtg(irm) - *(/ + 1/2) + ^(tt/) 
' *(m + l/2)-*(Z + l/2) 

(C19) 



(/ — m)(/ + m — 1) 



(l-2m)(l-2/)(/ + m-l) 

and ^ and are Riemann ^-function and its derivation. The r.h.s. result is correct for 
integer m and / values. 

We see that now the number of equations is two times less in comparison with the 
Section B.2, but there are more complicated coefficients in the front of the numbers d 2 i-\. 
Note that if one would express all odd coefficients d 2 i~i through even ones d 2 i, the formulas 
look even more complicated. 
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The linear equations jC9]), flCTTl) . (ICTHl) . (ICTTl) and (fC18|) can be solved by the matrix 
equation technique (see [32] and references therein) . We plan to return to the consideration 
of these equations in future. 



Appendix D. Linear algebraic equations for BES 
equation at e — > 

Here we derive the set of linear algebraic equations from the BES equation at large coupling 
constants g — > oo. 

Let us introduce even and odd components of f(x) as in eq. (|C2|) . 

According to above considerations, the set of equations for f±(x) in the framework 
of the BES equation can be obtained directly from (|C3|) and (|C4|) by the replacement 
f_(z) if-(z) in the r.h.s. of (|C3]) and f+(z) -» »*/+(«) in the r.h.s. of ([04]) : 

ef + (x) = ^M- 2 £(2A ; -l)^iM ^J 2fc _^) (/+(*)+ t/-(*)) (Dl) 
c/_(x) = -4f>^*M r^J 2k ( z )fif + ( z ) + f_ {z )). (D2) 



1. Let start with the form (|C12|) for the functions f(x), f+(x) and f-{x) considered 
in the subsection 2 of the Appendix C. 

Following the above argument and in an agreement with ([Dip and (|D2p . to have the 
set of equations for coefficients d k in the case of the BES equation we should replace 
cfai-i — ► id,2i-i and dn — > icfai in Eqs. (jC16f) and (|C17j) . respectively. So, one can obtain 
the following linear algebraic equations 

2(2*-l) e gj 2m + 0( e *) = S ltl - ~ t [4^2 - 2 7)2] W 



m=0 

M e £ J 2m+1 + («.) = - | £ , (D4) 

derived from the comparison of coefficients in the front of the functions J2i~i( x )/ X an d 
J2i(x)/x, respectively. 



2. We can present also the function f(x) in the form (|C5|) . Using integrals (|C6P ~ (|C8 
one can obtain the following linear set of equations for coefficients a k 

, .«2s(l - Sq s ) . a 2 ( s +i) 
ea 2s+ i = d , s -i -. i- 



4s 4(s + 1) 

8(2s + l) ~ 16 (-l) m+s+1 a 2m+ i ( , 

vr ^ Q ir [4(m + s + l) 2 - 1] [4(m - s) 2 - 1] 1 j 
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" - 2(2s + 1) 2(2s + 3) 



16(s + l) g 16 (-l) m+s+1 a 2m+2 

m=0 



it ^ n vr [4(m + s + 2) 2 - 1] [4(m - s) 2 - 1] ' ( ° 6) 



which coincides with the one in Eqs. (|C9p and (|C10|) with the replacement a2 S — > id2 S 
and a 2 ( s +i) — ► ia^ls+l) m the r.h.s. of (|C9p and a2 S +i — ► ia2s+i and a2s+3 — ► ia2s+3 hi the 
r.h.s. of ()C10p . respectively. 

By analogy with the Appendix B we can show, that the results for the singular form of 
BES equation can be obtained by the replacement a p — > 2a p (p = 2s, 2s + 1, 2s + 2, 2s + 3) 
and <X2m+i = &2m+2 = in the r.h.s of (ID5j) and (ID6j) . So, the equations should be similar 
for odd and even part and can be rewritten in simpler form 

.o n _x(l — <5 ln ) . a n+ i 

ea n = 6i >n -i %- — — -, (D7) 

[n — I) (n+ 1) 

which coincides with the ones in (| 168j) and (| 169j) after the replacement a n = nd n . These 
equations have been already solved in the Section 8. 

Note that the solution has corrections of two types. The first ones came from the last 
terms in the r.h.s of (|D5h and (1D6|) and should be responsible for the difference between 
e-corrections in eq. (|173p and the corresponding Frolov-Tseytlin correction (see (|175p ). 

The second type of corrections to results for anomalous dimension in (|173p comes from 
the corrections to the l.h.s of (|D5P and ( ID6|) . Indeed, here we keep only the first term at 
e — > of the factor (e ex — l)/x ■ f(x). Expanding e ex , by analogy with (jC16|) and (jC17j) 
we obtain the additional contributions in the l.h.s of (ID5I) and (ID6D: 



8-1 



ea 2s +i -» ea 2s+ i + e 2 (2s + l)(l-<5 , s ) J] a 2m + 2 + 0(e 3 ), (D8) 



m=0 



e a 2s+2 -» e a 2s+2 + e 2 (2s + 2) ^ a 2m+ i + O (e 3 J (D9) 

m=0 

The study of the both type of the corrections is the subject of our future investigations. 



References 

[1] V. N. Gribov and L. N. Lipatov, Sov. J. Nucl. Phys. 15 (1972) 438; V. N. Gribov 
and L. N. Lipatov, Sov. J. Nucl. Phys. 15 (1972) 675; L. N. Lipatov, Sov. J. Nucl. 
Phys. 20 (1975) 94; G. Altarelli and G. Parisi, Nucl. Phys. B126 (1977) 298; Yu. L. 
Dokshitzer, Sov. Phys. JETP 46 (1977) 641. 

[2] D. J. Gross and F. Wilczek, Phys. Rev. D 8 (1973) 3633; H. Georgi and H. D. Politzer, 
Phys. Rev. D 9 (1974) 416; E. G. Floratos, D. A. Ross and C. T. Sachrajda, Nucl. Phys. 
B129 (1977) 66; [Erratum-ibid. B139 (1978) 545]; E. G. Floratos, D. A. Ross and 
C. T. Sachrajda, Nucl. Phys. B152 (1979) 493; A. Gonzalez-Arroyo, C. Lopez and 



39 



F. J. Yndurain, Nucl. Phys. B153 (1979) 161; A. Gonzalez-Arroyo and C. Lopez, 
Nucl. Phys. B166 (1980) 429; G. Gurci, W. Furmanski and R. Petronzio, Nucl. 
Phys. B175 (1980) 27; W. Furmanski and R. Petronzio, Phys. Lett. B97 (1980) 437; 
E. G. Floratos, C. Kounnas and R. Lacage, Nucl. Phys. B192 (1981) 417; C. Lopes 
and F. J. Yndurain, Nucl. Phys. B171 (1980) 231, B183 (1981) 157; R. Hamberg 
and W. L. van Neerven, Nucl. Phys. B379 (1992) 143; R. K. Ellis and W. Vogelsang, 



arXiv:hep-ph/9602356 ; R. Mertig and W. L. van Neerven, Z. Phys. C70 (1996) 637; 



W. Vogelsang, Nucl. Phys. B475 (1996) 47. 

[3] S. Moch, J. A. M. Vermaseren and A. Vogt, Nucl. Phys. B 688 (2004) 101; A. Vogt, 
S. Moch and J. A. M. Vermaseren, Nucl. Phys. B 691 (2004) 129. 



[4] A. V. Kotikov and L. N. Lipatov, Nucl. Phys. B661 (2003) 19; arXiv:hep-ph/0112346 



[5] A. V. Kotikov, L. N. Lipatov and V. N. Velizhanin, Phys. Lett. B 557 (2003) 114. 

[6] L. N. Lipatov, Sov. J. Nucl. Phys. 23 (1976) 338; V. S. Fadin, E. A. Kuraev and 
L. N. Lipatov, Phys. Lett. B 60 (1975) 50; E. A. Kuraev, L. N. Lipatov and V. S. Fadin, 
Sov. Phys. JETP 44 (1976) 443; E. A. Kuraev, L. N. Lipatov and V. S. Fadin, Sov. 
Phys. JETP 45 (1977) 199; I. I. Balitsky and L. N. Lipatov, Sov. J. Nucl. Phys. 28 
(1978) 822; I. I. Balitsky and L. N. Lipatov, JETP Lett. 30 (1979) 355. 

[7] V. S. Fadin and L. N. Lipatov, Phys. Lett. B 429 (1998) 127; G. Camici and 
M. Ciafaloni, Phys. Lett. B 430 (1998) 349. 

[8] A. V. Kotikov and L. N. Lipatov, Nucl. Phys. B582 (2000) 19. 

[9] A. V. Kotikov, L. N. Lipatov, A. I. Onishchenko and V. N. Velizhanin, Phys. Lett. B 
595 (2004) 521; (E: B 632 (2006) 754). 

[10] B. Eden, C. Jarczak and E. Sokatchev, Nucl. Phys. B 712 (2005) 157. 

[11] Z. Bern, L.J. Dixon, V.A. Smirnov, Phys. Rev. D 72 (2005) 085001. 



[12] Z. Bern, M. Czakon, L. Dixon, D. Kosover and V. Smirnov, arXiv: hep-th/0610248 



[13] J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231; Int. J. Theor. Phys. 38 (1998) 
1113; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428 (1998) 105; 
E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253. 

[14] J. Bartels, Nucl. Phys. B 175 (1980) 413; J. Kwiecinski and M. Praszalowich, Phys. 
Lett. B 94 (1980) 413. 

[15] L. N. Lipatov, Phys. Lett. B 309 (1993) 394; High energy asymptotics of multi- 
colour QCD and exactly solvable lattice models, Padova preprint DFPD/93/TH/70, 
|hep- th/9311037, unpublished. 

[16] L. N. Lipatov, JETP Lett. 59 (1994) 596; L. D. Faddeev and G. P. Korchemsky, 
Phys. Lett. B 342 (1995) 311. 

[17] A. P. Bukhvostov, E. A. Kuraev, L. N. Lipatov and G. V. Frolov, JETP Lett. 41 
(1985) 92; A. P. Bukhvostov, G. V. Frolov, L. N. Lipatov and E. A. Kuraev, Nucl. 
Phys. B258 (1985) 601. 



40 



[is; 

[19 

[20; 

[21 
[22 

[23; 

[24 

[25 
[26 

[27 

[28; 

[29 
[30 

[31 
[32 



L.N. Lipatov, Perspectives in Hadronic Physics, in: Proc. of the ICTP conf. (World 
Scientific, Singapore, 1997). Nucl. Phys. Proc. Suppl. 99A (2001) 175. 

V.M. Braun, S.E. Derkachev, A.N. Manashov, Phys. Rev. Lett. 81 (1998) 2020; 
V.M. Braun, S.E. Derkachev, G.P. Korchemsky, A.N. Manashov, Nucl. Phys. B 553 
(1999) 355; A.V. Belitsky, Phys. Lett. B 453 (1999) 59. 

Niklas Beisert and Matthias Staudacher, Nucl. Phys. B727 (2005) 1. 

B. Eden and M. Staudacher, Integrability and Trans cedentality, 



arXiv:hep-th/0603157. 



A.V. Belitsky, Long-range SL(2) Baxter equation in N=4 super- Yang- Mills theory, 
arXiv:hep-th/0609068[ 

N. Beisert, B. Eden and M. Staudacher, Trans cedentality and Crossing, 
|arXiv:hep-th/0610251[ 

L.N. Lipatov, Trans cendality and the Eden- Staudacher equation, talk at the Work- 
shop on Integrability in Gauge and String Theory, AEI, Potsdam, Germany, July 
24-28, 2006. 



M.K. Benna, S. Benvenuti, I.R. Klebanov and A. Scardicchio, arXiv: hep-th/0611135 

S. Gubser, I. Klebanov and A. Polyakov, Nucl. Phys. B 638 (2002) 99; S. Frolov and 
AA. Tseytlin, JHEP 0206 (2002) 007. 

N. Beisert, R. Hernandez and E. Lopez, A Crossing-Symmetric Phase for AdS§ — S 5 
Strings, |hep-th/0609044| 

N. Bei sert and T. Klose, J. S tat. Mech. 0607 (2006) P006; C. Gomez and R. Her- 
nandez, |arXiv:hep-th/0611014 



G. Arutyunov, S. Frolov and M. Staudacher, JHEP 0410 (2004) 016. 

N. Beisert and AA. Tseytlin, Phys. Lett. B 629 (2005) 102; R. Hernandez and E. 
Lopez, JHEP 0607 (2006) 004; L. Freyhult and C. Kristjansen, Phys. Lett. B 638 
(2006) 258. 

RA. Janik, Phys. Rev. D 73 (2006) 086006. 



CA. Tracy and H. Widom, arXiv: hep-th/9210073 



41 



